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® ABSTRACT: Estimators obtained by shrinking the least squares estimator are becoming widely
used since the work of Stein, in the early 60’s, where it is presented an estimator for the mean of
multivariate normal that dominates the sample mean, and the work of Hoerl and Kennard, in the
early 70’s, on ridge estimators. In this work we present an approach using Bayesian and
empirical Bayesian procedures to obtain some important shrinkage estimators.
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1 Introduction

Two landmark papers, one by James-Stein (1961), introducing the James-Stein
estimators, and another by Hoerl and Kennard (1970), introducing ridge estimators,
explore the idea that shrinking the usual least squares estimator, besides the fact of
introducing some bias, has the advantage of decreasing the mean square error (MSE).
Both these works explore the idea is to shrinking the estimates. This is a conservative
procedure used in many areas of statistic. Nowadays, that is known as biased estimation
theory and is used when the least squared estimator can’t be used in reason, for example,
of multicollinearity. The theory of shrinkage estimators is a very active area of research
and we can point, as examples, the LASSO theory (TIBSHIRANI, 1996) and Elastic net
theory (ZOU-HASTIE, 2005).

In this short note, we present a systematic approach to shrinkage estimators using
Bayesian and empirical Bayes procedures. Examples for ridge regression estimation and
James-Stein estimator are present. These procedures are very well known and spread in
the literature, but authors couldn’t find any systematic similar approach. Since empirical
Bayes procedure is not of common use, we review, in section 2, a classical example.

We end this work with a computational simulation showing the behavior of some
shrinkage estimators.

Shrinkage estimators
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Unbiased estimators of a vector of parameter have a problem that, in general, is not

mentioned. Consider ﬁ’:( ’[3’1 ﬁk) an unbiased estimator for the vector
,Bz(ﬁl,...,,b’k),
then,

k
-3l 4 1+l

We face here an unexpected fact: even though ,5’ is an unbiased estimator of 3,

EU‘B“Z} :E{i’f}iﬂm :2(Var|:ﬁi J"'(E[ﬁi J)Z)

i=1 i=1

7 2
James-Stein to obtain his famous estimator. The idea was to shrink the least squares
estimator by a factor that depends of the value observed. Hoerl-Kennard, working with
multiple linear regressions in the presence of multicollinearity, proposed an estimation
denoted ridge regression estimator, that is a kind of shrinkage estimator. Nowadays there
is a huge theory about these estimators.

is a biased estimator for" /3" , tending to overestimate it. This fact has motivated

2 Empirical Bayes method

When the knowledge of the prior distribution parameters is incomplete or unknown,
some information may be obtained from the data itself and, in this way, it is possible to
make inference about these parameters. This is the so-called Bayesian empirical method.
To illustrate the empirical Bayes methodology, consider the classical example: Let X a

Poisson random variable with parameter 4 and prior 7 ( y7i ) completely unknown.

Given a size one sample X = x, the corresponding posterior distribution, according to

Bayes theorem, is
X

e “u

—7(n) _Tetut
rlut) =L whereg (x) = !T%(ﬂ)dﬂ-

In relation to the mean square error, the Bayes estimator ,& g for 4 is the mean of

the posterior 77 ( 41 x) :

A

s E[ﬂ”]:]?ﬂ%”(ﬂ)dﬂ
B (x+l (x+1)F _(X‘H) (X‘H).
- ! x+1)! x+1) 7u)du xlg(x)

1
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Now, one can use the known past observations x,,..., X,

, o estimate g( x) and

g(x+1). Since g(x) is a discrete distribution it can be estimated b the relative
y
frequencies

. cardi; x, =x
g(X)=—{n }

card{i; X, = x+l}

§(x+1)= "

where card{A} is the number of elements of set A.
Then, the empirical Bayes estimator is

g (x+1)g(x+1)

&(x)

3 An approximation of the minimum mean squares error linear estimator
for the mean

Consider independent observations Y; , 1=1,...,n, with model
Y, =pu+eg;.
where i is the parameter to be estimated and the &; 's are the associated independent

errors The least square estimator for 4 is

N —
ﬂ=;ZK=n

=1
Let’s consider all estimators of the form J.(Y,,....Y,)=cY, . We want to

determine the particular value of ¢ that minimizes the mean squared error. To do that we
take the function

MSE(c) =E|:(CZ—,U)2:| zczE[Zz}—ZcﬂE[Z]ﬂ—ﬂz
2

=C2(U—+ﬂ2j—26/j2+/j2
n

The minimum value of MSE (c) defines the estimator
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that depends on population parameters 4 and O 2, both unknown. The natural way to
bypass this problem is to replace them by their natural unbiased estimators Y and s? ,
resulting in and the estimator
—2
N Y.
H

= Y = Y

SZ — n SZ n
7+Yn p—y +1
h nY

that is an approximation of minimum mean square error linear estimator for the mean.

In section 8 we compare, via simulation, the behavior of these estimators.

4 Shrinkage estimators obtained from normality

The simplest example of a shrinkage estimator obtained from normality is: suppose
Y ~ N(H,l) and prior @ ~ N(O,l). If a sample y:()’pm’)’n) is taken and Yy, is it
mean, the posterior distribution is:

z(61y) o< f(y16)7(6) ocexp{—%zn:(yi—H)Z}CXp{—%ez}

i=1

oceXpq — ! 60—

1 1
2—— 1+—
n+l n
Then the Bayes estimator is éB = L Y . clearly a shrinkage estimator.
1+—
n

A more sophisticated argument is to obtain the estimator (1) using empirical Bayes
approach.

If Y~n0rmal(,u,0'2) with priori U Dnormal(O,rz) and a sample

y= (y1 yeees Yy, ) is observed, the posteriori is normal (GRUBER, 2010 - p.50),

2
z(uly) p exp ! u- ry
2 0?/n ?+0?/n) |
255
2 +0%/n
Then, using the mean of the posteriori as the Bayes estimator for /4 :
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= Yy, 1 7
P +0%n of "

R
nt

We don’t know, 7 % and the idea is to use empirical Bayes argument. The predictive

distribution is a normal distribution with mean zero and variance 9 2 (appendix).
n

Observing that if 7 ~ normal(O, 0-2) as g2 = E[Zz]—(E[Z])Z - E[Zz], by the methods
of moments, ¢>can be estimated by only one observation , 6% =7% . Then we can

. 2 52 o 2 -2
estimate O-_.,_Tz by Y~ . It is reasonable to suppose 72 >~ Z_ . Then we can use ¥ as
n n

estimator of 77. Replacing the parameters in {1 Dy its respective estimators we get

again the estimator (1).
The estimator (1) can also be obtained using mixture. Let’s suppose that, in the

model Y,=u+¢g, Y, = normal(,u,GQ) and Y has a prior distribution normal(O, 1-2).
We want to compute the mean square error E[(C?_ﬂ)z} = E[CZ?Z —2cl7,u+,u2}

considering both Z and 4 as random variables.

Computing these expected values:

B[V -2t |= [ [ (@5 =250+ 1) 1, (5) o () dpes

Computing each integral:

E[Cz? ]—c2m_2 ! ex L 5 ? ex {—L z}d
_'[.y-'[o 2 i ’ 20-2()) 4 27r? P 272# o
T " n
:Czj‘yz 1 expi — 1 —2 dy
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All together:
2

_2 J—
E|:C2Y —2cY,u+,U2J =c? (G—+12J—2c12 +72.
n

— 2
So, the minimum value of the mean squared error E [(CY — y) :l is obtained when

2
c:; — T . Then, the MSE estimator for f is:
62 2
— 47
n

o
=47
n
Replacing the parameters by its estimators we, again, get the estimator (1).

5 A Bayesian interpretation of ridge regression estimators

Consider the multiple linear regression

Y,,=X +E4 » € ~ N, (O’ O-zlm)'

nXpl~ px1

We will suppose O *know and a priori distribution for the parameter vector ﬁpxl

given by a p-variate normal
2

o
IBpxl |O'§ ~ Np [0’11]

The posterior distribution given data Y and design matrix X is
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fﬁ(ﬂ,azIY,X,/l)cxfY(YIX,ﬂ,O'Z)fﬂ(,BIO'Z,ﬂ)

n 1 ’
=<0 exp{—r‘_z(Y—Xﬂ) (Y—Xﬁ)}

3 i : _ AL
e exp{—F(Y—Xﬂ) (Y—X,B):|O' pexp[—gﬂﬂ}
w o=t exp[_%[(y—X,b’)'(Y—Xﬁ)—/lﬁ'ﬁﬂ

20
ma(nw)exp[_%[Y»Y_YfXﬁ_ BXY+ ﬁ'XXﬁ’+/w'ﬁ]}
20

o o) exp[_%[y'y—y'xﬁ— BXY+ f [X’Xﬁwllﬁﬂ-
20

To explicit the distribution it is necessary to complete the square in
(Y-XB)(Y-XB)+ABB=YY-YXB-B'XY+BXXB+IBP
= YY-2YXp+ B (XX +AI)p.

So, we need to determine W such that

(B-W) (XX +AI)(B-W)=YY-2YX B+ B (XX +AI)S
=f(XX+A)B-2W (XX +A) B+W (XX +AI)W.
Then W = (XX + A1) XY and YXB=W (XX +AI)f

(Y-XB)(Y-XB)+ABB=YY+ [ (XX +A)-2W (XX +AI)f
=YY+B(XX+A)B-2W (XX +AI)fS
AW (XX +A)W -W (XX +AI)W

=(B-W) (XX +A)(S-W)+YY-W (XX +AI)W.

Therefore

£5(B.071Y. X )< exp| (B=W) (XX + A1) (B=W)+YY W' (XX +A1)W |

<(B-W) (XX +AI)(S-W).
The posterior is a multivariate normal with mean W = (XX + Al )_l XY, therefore

the Bayes estimator is

BA)=(XX+AI)" XY.
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This is the ridge regression estimator with ridge parameter A (Hoerl-Kennard,
1970) . For A =0 we have the ordinary least square estimator and H B Z)H < H B(O)H and, for

A>0 B(/l) is a shrinkage estimator.

6 The James-Stein estimator as an empirical Bayes estimator

Consider the random normal vector X = (Xl,-..,X,,), X ~ N[,(G,I) and suppose
independent normal priors distributions for the parameters: 6 ~ N(O, c?). If one

observation X = (Xl,,,,, X,, ) is taken, the Bayes estimator is

2
=% x=[1-—x,
o +1 o +1

As O’ is unknown, using an empirical Bayes procedure it can be estimate from the
data X = (Xl,,,,, X,,) . The predictive distribution is a multivariate independent normal

>

with variance o® +1 , Np (O, (0'2 +1) I ) . Consider the random variables
z =X 7 NOD
o’ +1
Z 2
X;
D LGN

2 _

i=1 ( O-2+1)2_O-2+1.
As sum of square p independent standard normal, it has chi-square distribution with

{X ~ 2 (p)-
o +1

XX - 111
o'+l XX Yo'+l

el ] o'l
XX (c*+)Y | o*+1 |Y
As

D 1
Y ~Gama|a="—,p=—
(=303

parameter p , thatis Y =

As Y:

, taking expectation,
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of
2) (e,

. P 1
G a="—-1,=—
ama( 2 N4 2)

r| P -1
2 11

j = .
IR

It follows that,

and, therefore,

-2 . . .
by L, the result is the famous James - Stein estimator (James-

replacing 5
o +1

Stein, 1961)

in vectorial form

A -2
0JS :( _];(:XJX

Observe that the James — Stein estimator is a shrinkage estimator for p > 2.

7 A non-normal example
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In the example (CASELLA-BERGER, 2010, pp. 295), suppose X ,..., X, iid.
Bernoulli(p)- Itis well known that the maximum likelihood and unbiased estimator for

the parameter p is

The MSE for p is

n
To compute the Bayes estimator we consider that y — > X, is Binomial (n, p),
=

and use a Beta (a, ﬁ) as the priori for p. Then, the posteriori is given by:

1 y+a-1 (1_p)n—y+/”—1_

”(ply)=B(y+a’n_y+ﬁ,)p

So, the posterior is a Beta(y+0{,n—y+ﬂ) and the Bayes estimator for the

parameter p is its mean:
. yta

P = :
a+f+n
The mean squared error for this estimator is:

el -] o1, ) - 2L e

Observe that, taking = L= \/Z we get that the MSE is constant, that is, it
4

n

y+

doesn’t depend of the parameter p. In this case the estimator Py = is minimax
n+n

N

(MOQD et al, 1963, theorem 14, page 350) and

E[(ﬁg _P)ZJ = (nj;;nl;z + nj;_:/’;:—p
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_wl-p), ["’”@_2”\/2_"” .

i (Noen) — afwrda)

Now, as E[(ﬁB_P)2]=4(n+n\/;)2 and E[(ﬁ_p)q p(l——p)

Figure 1 helps to choose between these two estimators.

0.001
ao7 EQM(x)

EQM(p) EQM(p)

0.0008

EQM(x)

00006 T TTTTTTTT T~ H
H
i
H
H
H

0.0004

EQM(pp)

EQM(p )

0.0002

o 0.5 1 » o 05 1 p

-0.01 n=4 n = 400

Figure 1 - Comparison of MSE of ﬁ (blue) and ﬁ p (red) for different sample sizes

For small values of n, clearly ]A?B is a better choice, except if there is a strong

reason to believe that p is near O or 1. For high values of n , the choice is the estimator }3
, except for an strong believe that p is near 1/2.

8 Comparing the estimator /; and the pseudo-estimator [

To emphasize the level of complexity implied by the shrinking procedure we
2

compare the behavior of the pseudo estimator ﬂ:z’u—fn and the shrinkage
o
n
estimator
b=——7,
1 S2 | n
— t
nY
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Considering the distributions Normal, Uniform and Double Exponential, we
compute the mean squared error using 10.000 samples of sizes 20, 40 and 100 with
variances 4, 16 and 36. The results are shown in Figures 2, 3 and 4.

Normal Normal Normal
= var=4 n=20 = var=16 n=20 = var=36 n=20
e e o
o = o - d o
g IS —tz—-'"f—-—ﬂ—m'—x‘ g g - — g [aN] ] —\——
5 5] 5] 5 o] T
a _ Vi & © ] e k
g S - T .'i: T 5 3 - | T 5 S R
g © £ £
4 -2 0 2 4 4 -2 0 2 4 4 -2 0 2 4
real mean real mean real mean
Normal Normal Normal
- var=4 n=40 - var=16 n=40 - var=36 n=40
o o o
[l o\ = = o
[} — - [y 1 o ~ ]
T O e | ool - ¥ ———————— ——— ° —
o4 ] NN [} o - s 9] =
s 8] < T ; s 9
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o O 4 by o o ! o -1 Vo
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Normal Normal Normal
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c o N c o ;.' c o !
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Figure 2 - MSE for Yn (blue — solid), /2 (red — dotted) and ,L?l (green — long dash) for Normal

distribution with different variances and sample sizes.
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Uniform Uniform Uniform
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Figure 3 - MSE for Z (blue — solid), ,[l (red — dotted) and ,LAtl (green — long dash) for Uniform

distribution with different variances and sample sizes.
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About figures 2, 3 and 4, observe that the pseudo-estimator ,[l behaves as it is
supposed to, that is, except for some fluctuation when the real mean is far from the origin,
it has MSE lower than the estimator 17” On the other hand, the estimator ﬂl has a
complex behavior and only for the real mean near the origin it has MSE lower than the

estimator Y. We couldn’t find or guess a good reason for that strange behavior.

Conclusion

The shrinkage procedure shows to be fully compatible with Bayesian and empirical
Bayesian method. The major problem, when shrinking an estimator, is to decide the
amount of reduction to be applied. The Bayesian method can help, given an interpretation
of the necessary reduction to be used. The complexity introduced by shrinkage is far from
been completely understood.

RIZZ0, F. N.; GAJO, C. A.; SOUZA, D. J.; CHAVES, L. M. Uma abordagem Bayesiana
do estimador de encolhimento. Rev. Bras. Biom. Sdo Paulo, v.33, n.4, p.485-602, 2015.

= RESUMO: Estimadores obtidos por encolhimento do estimador de minimos quadrados usual t€ém
sido amplamente utilizados, desde os trabalhos de James-Stein (1961) e Hoerl e Kennard (1970),
sobre estimadores de cumeeira. Neste trabalho, apresentamos uma abordagem para alguns
importantes estimadores de encolhimento, utilizando procedimentos Bayesianos e Bayesianos
empiricos.

®* PALAVRAS-CHAVE: Estimador de encolhimento, Bayes empirico, estimador de quadrados
minimos.
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Appendix

The predictive for normal and mean prior normal

=[G\

:Tmﬂp{ ZOi/n(y ‘”)2} Jlﬁexp{ 2;#2}‘1#
zmmf NG { 22 2yﬂ+ﬂ)—212;f}dﬂ
R A S

_ 1 ny’ |7 1 1 1 yur’ P
zﬂme"p{ zoi}imexp 2[ e jl“z (OJWZJ “

—2 224 2.2
_ 1 exp{— ny” n y T } oT
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1 1| no’t’ +n°t* —n’t" |_,
= expy—— y
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7] (o +n)
n

1 1 1 o

= 28 S ey 2 2
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2 [ n ] [ n J
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